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Transient Analysis of Microstrip Line
on Anisotropic Substrate in
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Abstract — The recent development of MIC demands considerable atten-
tion to the anisotropy of substrates such as sapphire in order to both utilize
its characteristics and eliminate its undesirable features. Anisotropic
materials usually have a three-dimensional structure, and yield complex
characteristics in wave propagation. Hence the analysis requires an exact
three-dimensional treatment using all electromagnetic field components.
Also, progress in high-speed pulse techniques demands analysis in the time
domain.

This paper describes how the anisotropy, with the permittivity tensor
involving off-diagonal elements, may be generally formulated by Bergeron's
method. The formulation is discussed in the case of the propagation
characteristics for single and parallel strip lines on a sapphire substrate
with tilted optical axis. Furthermore, to show the distinctive influence of
anisotropy on the coupling property between lines, a parallel-line-type
directional coupler on such a substrate is analyzed.

I. INTRODUCTION

HE RECENT DEVELOPMENT of MIC demands
Tconsiderable attention to the anisotropy of substrates,
such as sapphire, regarding both utilization of its char-
acteristics and elimination of its undesirable effects. The
analysis of an electromagnetic field in a region including
such an anisotropic medium is necessary not only for a
rigorous treatment of medium characteristics, but also for
gaining information for improving the characteristics of
devices [1]-[3]. The structure of an MIC, consisting of a
strip conductor, a ground plane, and an inhomogeneous
substrate, imposes restrictions on the range of variation of
the characteristic impedance and propagation constant or
coupling property between lines. The anisotropic medium
would be utilized to ameliorate this disadvantage of the
microstrip structure [4], [5]. Also, in recent high-speed
pulse techniques, dispersive characteristics caused by a
small anisotropy of the substrate become a subject of
concern.

Anisotropic substrates demand an exact three-dimen-
sional treatment using all electromagnetic field compo-
nents. Furthermore, analysis of the propagation of a pulse
wave requires computation in the time domain. Transient
analysis of the electromagnetic field is useful not only in
clarifying the field response but also in providing informa-
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tion on the mechanism by which the distribution of the
electromagnetic field in the stationary state is brought
about. As a time-domain vector analysis method for a
three-dimensional electromagnetic field, the FD-TD meth-
od proposed by Yee [6]. [7] and the TLM method by Johns
[8]. |9] are used. For the problems involving anisotropic
medium, the latter method has already been adopted [10],
[11]. But for both methods 1t is difficult to formulate cases
having tilted optical axes expressed by permittivity or
permeability tensor with off-diagonal elements. We have
proposed a method using an equivalent circuit of the
electromagnetic field formulated by Bergeron’s method,
referred to here as the present method [12]-{15]. In this,
the basic concept of the treatment of the condition of the
medium is expressed by lumped elements at each node in
the equivalent circuit. This treatment can be realized by
Bergeron’s formulation with the use of the voltage variable
and two current variables for two different directions at
each node. This feature is extended to the anisotropic
medium by use of the mutual coupling between currents
relating to the off-diagonal components in the permittivity
or permeability tensor [16].

In this paper the treatment of anisotropy by Bergeron’s
method is extended to the three-dimensional vector analy-
sis in the time domain for dielectric materials with a tensor
involving off-diagonal elements. Initially it is proved that
the equivalent circuit with the mutual coupling represents
anisotropy with off-diagonal elements in the permittivity
tensor. Next, the formulation is discussed by estimating
the impedance and effective dielectric constants for single
and parallel strip lines on a sapphire substrate as a func-
tion of a tilted angle. Lastly, to show the effect of aniso-
tropy on the coupling property between two lines, a paral-
lel-line directional coupler on such a substrate is analyzed,
and 1ts characteristics are presented.

II. 'TREATMENT OF ANISOTROPIC MEDIUM

In this paper, we treat the anisotropy [16], [17] of the
dielectric constant caused by tilt of an optical axis. In the
present method the medium conditions are expressed by
lumped clements at appropriate nodes. The off-diagonal
elements in the permittivity tensor of the dielectric sub-
strate demand the coupling of electric fields between dif-
ferent directions. The lumped circuit for those should be
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TABLE I
CORRESPONDENCE BETWEEN THE FIELD VARIABLES IN MAXWELL’S

EQUATION AND THE

EqQuivaLENT CIRCUIT

Electric node Magnetic node
Maxwell' s equations Variables Maxwell’ s equations Variables
8”){‘8“2_ € JEy Vy= E aEX_aEZ__” d Hy V‘: H
B2 ax- fat| YYEOBYE 173z 3x Tan| T W
) H Ex
Ak —§;—;=—uu%¥ 1z=-Hx[Fk —%—zy—z sn%T 17= Ex
JEy JHz _ J Hy JEz x_ .
—a—-’-(--—-—llq—a—t [x= Hz Bx- Ea—a—T Ix=-KEz
JHz JHy_ JIEx - 8Ey_8Ex__u JHz *_
y 9. S| Vi Exl 1Ty TR ViE I
D H H E
Dk %—2:—%%—5 1z= Hy|[Bk §3—y‘= sn%—l" 13=—Ex
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3x ay- tvar| ViETEr| |3y T, T ey | ViE T
Bz Hx H B
I k %TI:‘“D%T ly=-Hx|Ck %—Z"= s"éﬂy 17= By
dkz 3 Hy _ ad Hx bz x_
- ax=—llu'§—t— I[x= Hy "3y s"Tt_ ly=-Ez
dielectric constant  Co=£,,/2 dielectric constant L:I €0/ 2
permeabi L1ty Lo=Mlo/2 permeability Co=Ho/ 2
polarization AC=¢t,X¢/ 2+ Ad magnetization AC*=t,%n/2+Ad
conductivity G=0,/2-Ad magnetic current loss c*= U*/Z *Ad
magnetization AL =#,xmn/ 2+ Ad polarization Al,*ZE.,X(:/2~ Ad
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Fig. 1. Arrangement of nodes around A;.

given at a node in which either of the coupled electric field
components exists. Such a condition is satisfied at the
magnetic node in which the electric fields correspond to
the current variables. Therefore, given the duality of circuit
variables, the diagonal and off-diagonal components of the
dielectric constant are expressed by self-inductance and
mutual inductance, respectively.

In this section we prove that the equivalent circuit
consisting of inductance with mutual coupling at magnetic
nodes represents the electromagnetic wave equation in the
anisotropic dielectric medium. We assume coupling be-
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tween the electric fields E, and E,, and use circuit vari-
ables as shown in Table I. Fig. 1 shows the arrangement of
nodes around the 4; node in which the voltage variable V,
corresponds to the electric field E,. Fig. 2 shows details of
nodes A, B, and C. At the B nodes, lumped inductances
involving mutual coupling give the property of anisotropic
dielectric constant. Central difference equations are de-
rived at all nodes B;, B,, and C;, C, that are adjacent to

node 4, as follows;

V(A4y) =V, (4)) =28xCeF 0.V,*(By)
V,(41) =V, (4;) =2AxCg 0.V, *(B,)
~{Vi(D)) -V, (D,)} =24y CyF 3.V.*(By)
= {V.(Ds) - V(D)) =2AyCs* d,V,*(By)
I/V(A4)—- Vy(Al) =2AzCff IV*(Cy)
VV(A1)_ V_V(As) =2A:zCy ath*(CZ)
V.AE)—V.AEy) =28y Ce a1 (Cy)
V.(E;)—-V.(E,;) =24yC 0V (C,)

(1a)
(1b)
(Ic)
(1d)
(e)
(1f)
(1g)
(1h)

where Ax, Ay, and Az are the lattice intervals in the x, y,
and z directions, respectively, and are equal to the con-
stant value Ad. Cj* corresponds to the free-space perme-
ability p, shown in Table I, and 9, denotes d/9¢ for
simplicity. In the following equations, for simplicity d,,
d,. and d_ also denote d/dx, d/dy, and 9/0z, respec-
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Fig. 2. Details of nodes 4, B, and C.

tively. Negative signed braces in (1c) and (1d) are derived
from the opposite sign in the corresponding variables
between the B and D nodes.

Next, the voltages V.*,V.* at B;, B, and C},C, are
expressed by current components I, 1, and I, 1, at
A,, as shown in Fig. 2. The voltage at B is expressed as
follows by using d,V.* =~ L¥ 9, 1*:

V:*(Bl) = I,\-I(Al)_ Ax asz*(Blz)‘*' AV:*(BIZ)
= I.\-l(Al)+ L Ax atlx*2(B12)
+ AL_;*},Ax 8,Ix"‘2(Bu)
+ M;;Ayat{ - Iy*(B13)_ Iy*(B14)} (2a)

where V.*(B,,) is the voltage drop at an inductance. At
other nodes, the following relations are also formulated in
the same manner.

V:*(Bz) = IxZ(Al)_ L Ax 3, 1% (By)
— ALY Ax 3. 1%(By)

'M;;Ayaz{‘Iy*(Bza)_Iy*(Bm)} (2b)
VH(Cy) =L (A)+ L§Az3,135(Cyy)

+ALY Az a,15(Cy,) (2¢)
Vo(G) = 1,(A4,) = L§ 8z 9,1.1(Cy)

— AL Az a,1x(Cyy). (2d)

Substituting (2) into (1) gives
V.(4,)=V,(4))
=2AxCg d,1,(A)+2Ax>CrLE 1% (By,)
+2 szAL‘;‘} Cyr A %(B,,)

+2AxAyMAC 82 - 1*(By;)— 1¥(By,)) (3a)

V,(4) =V, (4s)
=2AxCg 1 ,(A)—2Ax2CLE dH %(Byy)
—2Ax>ALY, C* 921%(By)
~2AxAyM3C# 87{ — 1 (By)— L¥(By)} (3b)
- { Vx(Dl) - Vx(Dz)}
=2AyCg 8,1,(A;)+2AyAxCeFLE M %5(By,)
+2AyAXALY C 9715 (By,)
+2 A)’zMchCo* 312{ - ]y*(‘B13) - Iy*(B14)}
- {Vx(D3) - Vx(D4)}
=2AyCy 3,1,(4,)—28yAxCr L 3/15(By)
—2AyAxAL¥, Cg* 371 %(By)
—2Ap2MECH 02{ - L¥(By) — 1¥(Byy) }
K_(A4)—K,(A1)
=2AzC 9,1,(A)+2Az2CyLE 021%(Cyp)
+2Az2AL% Cr 3 5(Cry)
V,(4)-V,(45)
=2AzCs0,1,,(A)—2A2>CLE 23 (Cy)
—2Az7ALYCr 3% (Cy)
V.(E)-V,(E)
=2AyCs0,1,(A)+2ApAzCLE IH5(Chy)
+2AyAzALY, Cr 3715(Chy)
V.(E;)-V.(E,)
=2AyCs* 0,1,,(A4,)—2ApAzCFLE A (Cy)
—2AyAzALY G M E(Cyy). (3h)

Assuming that Ax = Ay = Az = Ad, to satisfy the continu-
ity of currents Iy, I_,, I, and I, at the A; node, which
are included in the first term of the right side of each
equation in (3), the operation (3a) — (3b)+(3¢c)— (3d) +(3¢)
—(3f)+(3g) — (3h) is performed to give

(7 (4,)+V,(4;) -2V, (4,)}

+{V,(44) +V,(45) =2V, (4,) ]

+{ = V(D) + V(D) + V.(E,) - V.(E5))

+{ = V(D) + V(D)) +V.(E,) - V.(E,))}

=4AdCy 3, {Ia— T o+ 1, — I},
+40d> CFLE 07 {15(B1y) + Li(By)
+13(Cp) + 15(Cy) )
+4AdALY, G I 15(By)+ 1% (By)
+15(Cp)+ 15(Cy) )
+4Ad2M\iC0* 312{ - IV*(BB)— Iy*(B14)
= 1*(Bsy) = I*(By,)}. (4)

(3¢)

(3d)

(3e)

(30)

(3g)
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The first term in the right hand side of (4) is eliminated by
applying Kirchhoff’s first law at the 4, node. Dividing
both sides by 4Ad? and allowing Ad to approach zero, the
left side converges to V2 using the divergence theorem
under a no-space-charge condition in volume ¥} in Fig. 2:

left side of (4) =v 2Vy|Al. (5a)
Also, the right side is transformed as follows:
right side of (4)
=4C Ly 3z2{ Ix*z(Bn) + Ix’l{(Bn)
+I5(Cp)+ 13(Cy) } /4
+4ALY G A 1%(Byy)+ 1X(By)
+I15(Cp)+1X(Cy)} /4
+4M 3Ce* 312{ - Iy*(B13) - Iy*(B14)
—I*(By)— 1¥(By)} /4
=4Cy(LE+ALy) 97

{ 15(By,) + Ix(By )+ 15(Cp) + IL3(Cy) >
4

+4CHM % 3}

{ —IV*(BB)—I,V*(BM)‘; 1} (By) — 1*(By4) }

(5b)

Here as Ad approaches zero all variables approach the
values at the center node A4;: -

2

2%V,
(5b) =4CL* 8t2y

A

*(-1r)

+ACHMY —

(6)

between By and B,, namely 4;.

For generality we omit the position notation A4;. As a
result, (5a) and (6) yield the wave equation,
%, 3*(—1r)
VI, =ACPL —s HACHM . (7)
From correspondence of variables, V| ;= E , — I[*|z=E,,
§=e0/2, C&F=po/2, L*=L§+ AL} =eo(1+x,,)/2
=¢gg¢,,/2, and M} =ee,, /2 are derived. Therefore, (7)
represents the following electromagnetic wave equation in
the anisotropic medium:

X 9%E, 9E,
\Y% Ey = soeyyp’o—at_Z + EOSyx,uO—b—tz— . (8)

At other nodes in which the coupling between different
field components occurs, the same fomulations may be
derived.

We omit the description of Bergeron’s formulation be-
cause the approximation of inductance and mutual cou-
pling in the time domain by the trapezoidal rule is similar
to that for capacitance [12].
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IIL.

The anisotropy used in this analysis is represenied by
the following dielectric tensor:

ANALYTICAL RESULTS AND DISCUSSION

& 0 O
E= 80 0 87’ 0 . (9)
0 0 ¢

z

In (9), ¢ and e, are the principal optical axes of the
relative dielectric constants of the substrate. The &7 coor-
dinate system may be tilted with respect to the xy coordi-
nate system by an angle 4, as shown in Fig. 3. Using the
coordinate transformation, the permittivity tensor ¢ in the
xyz coordinate system is given by

Eix Eyx 0
e=gy| & &, O (10)
0 0 g
where
£, = £;C0s% 8 + ¢, sin” 0 (11a)
e, = (&, —¢)sinfcosd (11b)
£,, = &sin*f +¢,cos>6. (11¢)

A. Characteristic Impedance and Effective
Dielectric Constant

In order to verify the validity of the treatment of ani-
sotropy in the present method, we calculated the character-
istic impedance Z and effective dielectric constant ., of a
microstrip line and parallel strip lines on the anisotropic
substrate as a function of tilt angles. The relationship
between the tilted principal axes & e, of dielectric con-
stant and coordinate axes x, y is shown in Fig. 3. Fig. 3(a)
and (b) shows the cross sections of microstrip line and
parallel microstrip lines, respectively. The strip and ground
conductor are assumed to have infinite conductivity. The
dimensions of Fig. 3(a) are W/H =105, a/H =10, and
b/H=3.5, and of Fig. 3(b) are W/H=1.0, S/H=0.5,
a/H=10, and b/H=3.5. We consider sapphire as the
anisotropic substrate, and assume that e, ¢, and e_ are
9.4, 11.6, and 9.4, respectively. In this analysis, the height
of the substrate H=4Ad, and one period of the applied
sinusoidal wave is T =213A¢, where Ay is the time inter-
val between iterations. When 1Ad is assumed to be 0.15
mm, the frequency is f =18.78 GHz, and the height of the
dielectric substrate becomes H = 0.6 mm. If all space is
filled with dielectric (e, =11.6), the wavelength A, be-
comes 31.27Ad. It is generally known that the number of
divisions of the period and the wavelength should be more
than ten in the difference formulation. Therefore, the
numbers of divisions for the period and wavelength in this
analysis are sufficient for good resolution in time and
space. In this condition, since the dimension of each part
of the transmission line structure is very small compared
with the guide wavelength A, a quasi-static field condition
giving TEM wave propagation may be assumed.

The characteristic quantities are evaluated as follows in
this analysis. The definition of characteristic impedance of
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Fig. 3. &7 system coordinate tilted with respect to xy coordinate system
by an angle 8. (a) Cross section of microstrip line. (b) Cross section of
parallel microstrip lines.
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Fig 4 Characteristic impedance and effective dielectric constant of the
microstrip line as a function of tilt angle.

microstrip is

Z=2P,/I2 (12)
and of two parallel strip lines is
Z=P/I; (13)

where P, is the time average of the Poynting vector propa-
gating in the z direction, and I is the magnitude of the
conduction current in one strip line. The Poynting vector
propagating in the z direction is given by E, X H, and
E, X(— H,). Hence P, is found by integrating these quan-
tities in the xy cross section and by averaging the result
over one period. /; can be found by a line integral of the
magnetic field along the integration path around the strip
conductor. The effective dielectric constants may be found
from the ratio of the free-space wavelength A, to the guide
wavelength A,. Fig. 4 shows computed results of the
characteristic impedance and effective dielectric constant
of microstrip line as a function of tilt angle. The symbols
W, ® present characteristic impedance and effective dielec-

T
0 30

60
g (degree)

Fig. 5. Even- and odd-mode charactenistic impedance and effective
dielectric constant of the parallel microstrip lines as a function of tilt
angle

tric constant by the present method, and the curves show
analytical results [1]. In [1] the analyzed subject is shielded,
but the position of the shield is very far from the strip line,
so our results, agree well with the analytical ones. The
principal electric field of the propagating wave in the
single stripline is E,. When §=0°, the n axis coincides
with the y axis, so ey is affected mainly by € Eepp
decreases and Z increases as &; becomes more effective
through an increase of 6 by rotating the anisotropic prin-
cipal axis. Fig. 5 shows computed results of the even- and
odd-mode characteristic impedances Z,,, Z,, and the ef-
fective dielectric constants e, .., and e,y .44 of parallel
microstrip lines as a function of tilt angle. The symbol ®
denotes the results by the present method, and the curves
indicate the analytical results [1]. In the case of the even
mode, the fundamental electric field of the propagating
wave is E . so that e .., decreases and Z,, increases
with 0 increasing, as in the case of the single strip line
shown in Fig. 4. On the other hand, for the case of the odd
mode, between the strip lines there exists a notable x-
directed component of the electric field in the propagating
wave; hence the variation of Z, and e .44 with increas-
ing § is not so evident as in the case of the even mode. But
the variation of each curve with # has the same tendency
as that of the even mode. Thus the analytical curves and
our results agree within a few percent, and the validity of
treating anisotropy by the present method is confirmed.

B. Time Dependence with 8 Variation of Propagation of
Pulse Waves

To demonstrate the typical variation of propagation
characteristics as a function of the tilt angle 4, we present
the time variation of the propagation of the pulse wave for
single strip line. The values of the relative dielectric con-
stants in the principal axes of the anisotropic substrate, &,
e, and ¢,, are chosen to be 1.75, 2.5, and 1.75, respectively.
The large ratio of ¢, to g, gives a distinct change in the
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Fig 6 Time variation of pulse wave in microstrip line at § = 0°.
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Fig 7 Time variation of pulse wave in microstrip line at § = 45°,
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C. Characteristics of the Directional Coupler

In order to show the effect of anisotropy on the coupling
between the lines, a parallel-line-type directional coupler is
analyzed and its characteristics are presented as a function
of the tilt angle of the anisotropic axis. Fig. 9 shows the
directional coupler. The dimensions in the x, y, and z
directions of the analyzed region are 40, 10, and 100Ad,

41

WhlBTatwpr ot

¥ead
40

Fig. 12. Time variation of spatial distribution of electric field E, in
directional coupler at § = 90°.

respectively. The strip and ground conductor are assumed
to have infinite conductivity. There is an anisotropic sub-
strate with thickness 4Ad on the ground plane, and strip
conductors with width 6Ad form the directional coupler.
The upper region is an air layer with thickness 6 Ad. The
upper and side boundary of the analyzed region is ap-
proximated by a free boundary condition. The fundamen-
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tal property of the directional coupler taken in this analy-
sis is that an input at port 1 gives an output at ports 2 and
4, and no output at port 3. The anisotropic substrate is
assumed to be sapphire. The frequency of the input
sinusoidal wave and the distance between ports 2 and 3 are
adjusted to give maximum 1solation for port 3 at 6 =0°.
The period of the input wave is 256A¢ and “/” in Fig. 9 is
20Ad. Figs. 10, 11, and 12 show the time variations of the
spatial distribution, that is, the envelope of the maximum
value at each point of the electric field E, for § = 0°, 45°,
and 90°, respectively. The expressions in the figures are the
time intervals of a half-period used for finding the maxi-
mum value at each point to provide the spatial distribution
rather than the instantaneous values. As the dimensions of
each part of the coupler are very small compared with the
guide wavelength, and the matching condition is realized
at each port, the distributions seem to be from a pulse
source. These figures look almost the same, but show the
fine changes of the directional characteristics as a function
of the tilt angle. Also, the time variation of each figure
indicates the process by which the steady-state characteris-
tics are obtained. The decrease of isolation is due to the
decrease of ¢, and the change of relative values between
the Z,, and Z,,, as shown in Fig. 5. In this case, the CPU
time is about 22 seconds for 700 iterations in the time
domain using the HITACHI $-810,/10 Super Computer at
the Hokkaido University Computing Center.

IV. CoNcLUSIONS

The fundamental formulation of an anisotropic medium
using a permittivity tensor with off-diagonal terms is de-
scribed for a three-dimensional transient analysis by
Bergeron’s method. The variation of the impedance and
effective dielectric constant with the tilt angle 6 is dis-
cussed to verify the validity of the formulation. Further-
more, to demonstrate the effect of anisotropy on the
coupling property between lines, a parallel-stripline-type
directional coupler is simulated.

In later work the treatment of tilting the anisotropic axis
will be generalized. In addition to the directional coupler,
other MIC devices will be analyzed and field variations
will be simulated in the time domain to obtain.the propa-
gation characteristics of the high-speed pulse.
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